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Abstract

This study uses a double Orlicz functions to provide some new triple sequence spaces. the researcher addresses to prove
various algebraic and topological properties of these spaces, such as completeness, solidity, monotonicity, symmetry and
convergence indepece. Moreover, This research analyze the relationships between these spaces.
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INTRODUCTION
Zadeh established the idea of fuzzy set theory [1]. Based on this, other authors have introduced and
examined sequences of fuzzy numbers, studying significant properties. In Bromwich, the work on the
double sequence of real numbers was discovered [2]. In addition, a number of people, including Moricz
[3], Basarir and Sonalncan [4], and others, exacted the double sequence.

E3, denoting the family of all R or c triple sequences, is used throughout this article.

A triple sequence in [5][6] is a function from (N)to( R or c). Using a function Y where Y =
(Y1 (3¥).Y, (ETR)). novel outcomes of triple sequence spaces would be examined by double Orlicz function.

Assume that (X.9) = (xb.u.m- - My yum ) symbolizes a triple infinite array of elements with the name
(%b.u.in) . (imb_m). X= (%b_u_m) be an infinite array of elements X; y; g, and M = (E[Rb_u_gn) be an endless
array of elements My y . respectively.

Prof. Wlayshaw Roman Orlicz, a Polish scholar, established the concept of the Orlicz function and gave
it his name; consequently, he created the Orlicz space [7].

2)Definitions and preliminaries
Definition 2.1

Assume that the sequence X = (%b.u.m)- M= (imb_um)are Cauchy, then (X.9t) = (xb.u.in- gjtb.u_gt) is
said to be a triple Cauchy sequence if for every € >0 there exists N € Nsuch that
J((%b.u_m .%i_i_e). ( My 13 .EUEl-.i.e)) <eforalli=h=N.j=U=N. e =N > N where d(%b.um .%i.i.e) <
€ and cZ( My 1 .iUEi_i_e) <eE€.

Definition 2.2

A Triple sequence space E is said to be convergence free if (%b.u.ﬁn-Db.u.sn) € E3. whenever
. ____________________________________________________________________________________
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(Xpam- Myam) € Ef and (Xpyrq. Vo) = (0.0) implies (B - Qo) = (0.0).
Definition 2.3
If (¥p - Dy use)- (Byus Qo) € E3 suchthat d (X us.0). (Myu. 0)) < 4 ((Byun. 0)- (L. 0))
for all h. 1. 9t € N. then E7 is said to be solid.
Definition 2.4
A canonical pre-image of a triple sequence of (:‘Eb.u.m- S:Rb.u.ilt) € E3
is a triple sequence (SBb.u.m-Db.u.iR) € E2 defined as follows:
(%b.um-gb.um) = {(%b.u.an_- ??b.u.m)- 1F -2 ER) €K
(0.0). otherwise.
Definition 2.5:

If all of the canonical pre-images of a triple sequence space Ef are included within it, then EZ is
considered monoton.

Definition 2.6:

For any (X.9) = (Xyyun Myum) € EZ, a E is considered symmetric if G (X. M) S EF where G (X. )=
{(%ﬂ(b)n—(u)n—(m). Wﬂ(b)n(u)n(m)): 7 is a permutation of N X N x N}.

We now define the following classes of triple sequences:

(loo)}%'Yz
(%sb.u.in- imr)_u,gn) EE 1:;’: Suppam {Y1 <¥) VY, <¥ < 0
for some p > 0.
where
d(%yup.0
(Xpum) € E3: suppum {Y1 <(b—)> } < o
(loo)%yl = P
for some p > 0.
and
d(Myy.9.0
() € EF: supyum {Yz (M» <o
(loo)}?;‘YZ = P
for some p > 0.
()iY=
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Ad(¥puq. £ aA(Me 0.
(Xpam Dy am) € EF: limy i {Yl (W) VY, <w>} =0

for some p > 0.

where
A (% yo.?
((%b.um) € EZ: limyyp {Yl (M)} —0 )
(C)%Yl = p
for some p > 0.
and
d(My -
(Myu) € E: limgry {yz <M>} o
(O, = p
for some p > 0.
(Co)%Y=
; d(Xp .0 (g 0. 0
{(fb.u.in- imb_u_m) € EE: llmb.u.m {Yl <¥) VY, ((+) o \
i for some p > 0. '
where
(%00
(CO)%‘YI p
for some p > 0.
and

(Boun) € Bitimys (M)} ~ 0

(Co)ng P

p>0.

Moreover, The triple sequence classes are defined by us.
M) = @F) N U)F).
(mo)E = ()7 (V) N (L) 7 (Y).

3) Main Results
Theorem 3.1: Let (Wb.u.m) be bounded. Then the classes of triple sequences (l,,)3(Y .p) is complete
metric spaces with respect to the distance defined by

G((xX.M).(B.Q)=
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inf {pﬁb;m > 0: supyam {<Y1 (M)) \% <Y2 (M))} < 1}

J = max (1.27T71)

where

Poumn d X Mm
GEM) =inf{p I > 0:supyyun Y1( ( b-u-mp bﬂﬂ?)) <1

Pege d(Byun Q
GB.Q) =inf{p I > 0:supyyun Y2< ( b-u-ﬁ’; b-u-ﬂ?)> <1

Proof : Let us consider the case (I,,)3(Y.») and the other cases can be established next similar
techniques..

Let (BEL) (iml) be any Cauchy sequences in (I,,)3(Y; .2). ()3 (Y, .p) respectively, hence (%i. Mt ) =
(x%).u.m .imgum) be a triple Cauchy sequence
Lete > 0, Xo.7 > 0 be fixed. Then V there exists a positive integer N such that Gy (¥%.%) < i and
0

Gy, (imi.imj) < % fori.j = N.and consequently,
0
Gy ((x.37). (W) = (Gy, (X 2). Gy, (M. )) < =,
0

forall i.j > N.
By definition of G. we obtain

a4 (X, X i) & (W9 0 )

inf{p > 0:supy s Ya ) VY, ) 1;.
Thus,
supym Y1 d (xgusg xljﬂliﬂ) VY, d (Emllﬂlz imf])um) <1
foralli.j = N.
= Suppaug | V1 ! (%ﬁum%éum) VY, 4 (imgum Emf])um) <1.

Gy, (xﬁusn xéum) Gy, (gﬁguﬁn EIRIJ)IIER)

foreach i.j = N.
Since py ybounded it follows that

d (%ﬁusn £guun) vy d (imﬁuﬁn S:RI])IIER)

X - 2 - .
GY1 (xﬁuinxéum) GYz (imgusn Emfj)usn)
foreachs.r.«»+ > 1 andforall i.j = N.

Hence one can find r > 0 with Y; (%) =1andY, (%) = 1, such that

Y

<1
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Y

Uz(xﬁum%rj)um) - (T%o
=Y

| . _) and Y, d (Eméum imfj,usn) <, (ﬂ)
GY1( Il)llﬂ?xfj)ll‘ﬁ)

2 Gy, (imﬁum imr])um) 2

Hence, Y (Tzﬁ@) = (Yl (raeo) Y, (ﬁ» > (1.1) therefore,

2 2

(X uon ¥ ) (T . M) ) %, %o

Y, " Y <(n(5)*(5Y)
i L

This implies that.

(X X yq) <52 Gy, (FLX) forall i.j2mnp.

7 i j rX € € .,
d (ffl)lli]? fb.u.sn) < TO ' E =3 l.7 =ny.
T i j € .,
=d (%gum%éum) < E L.y = nyp.
and

(T 5 M)y ) < 52 G, (ML W)) i.j 2 g

7(a - o, € _€&
d(Wyge M yq) <5072 =5 g2

= J(imgwamgm) <- i.7 =mng. then

d ((xﬁumx{)um) (M y - mté.u.m)> = %% == ijzng.
Hence (%é.um. E)Jtli).u_m) is a triple Cauchy sequence in R3.
Thus,
For each (0 < € < 1),there exists a positive integer N such that d ((xgumae) (E)Jtli).u_m.im)) < e for

all i.j > N.whered(X".X)<eand & (M. M) <e¢ forall i.j >=N.
Taking 4 — o and fixing i. so by using the continuity of Y=(Y;.Y,) we get

d(x . lim X d(mt . lim MW
AN AL hALI ;) AN
SUpPpun {Yl < ( ’p°° i )) VY, < ( L >>} <1

p
Thus,
A(X g X (I 0. M
Supy {Y1< (% um )>VY2< (T a2 )>} <1
P P
On taking the infimum of such p's, we get,

inf {p > 0: suppym {Yl <M> VY, (M)} < 1} <e€

p
forall i > Nandj — co.

Since (X.M') € (I)3(Y.») and Y is continuous, it follows that (X. M) € (l,)3 (Y. ).
Proposition 3.1: The class of triple sequences (l,)3(Y) is symmetric but the class of triple sequences

(©)3 (V). (co)r(Y), are not symmetric.
-
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Proof:
Noticeably the class of triple sequence (l)3(Y) is symmetric. However, other the class of triple
sequences, could be indicated by the example below.
Example 3.1 : Let's say the class of triple sequences (c)3 (Y).Consider Y (¥£.9t) = (X.M)
and suppose the triple sequence (:‘Eb.u.ﬁﬁ- ‘mb.um) be defined by

Y
where
(p+1). for—1<p<0;
X)) = { (—p+ D). for 0<p<1;
0. otherwise,
and
(p+1). for—1<p<0;
M) () = { (—=p+ 1). for 0<p<1;
0. otherwise.

Forh > 1, we have
pP+2.p+2) for—-2<p<-1;

(Xparm- Ty ) (0) = { (—p.—p) for —1<p<0;
(0.0) otherwise.
where
p+ 2. for—-2<p<-1;
(Xpaum) (@) = {—p. for —1<p<0;
0. otherwise.
and
p+2 for—-2<p<-1;
(M) (P) = {—p. for —1<p<0;
0. otherwise.

Let (Byan) (Qyaus) be a rearrangement of (X;y52) , (g1, ) respectively which is defined by

p+ 1L for—1<p<0;
(%b-b)(p) = {—p + 1. for0<p<1;
0. otherwise.
and
p+ 1L for—-1<p<0;
(Qyy) () = {—p +1. for0<p<1;
0. otherwise.
Therefore, (Byy. Qyp) can be defined by
P+ Lp+1). for—1<p<0;
(Byp- Qo) (@) = §(=p + L.—p + D). for 0 < p < 1;
(0.0). otherwise.
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and for § # U. we have

(Byam Q) ()=

(r+2.p+2). for —2<p<-1.
(=p.—p). for —1<p< —1.
(0.0). otherwise.
where
p+2. for—-2<p<-—1;
(%b.u.m)(P) = { —p. for—1<p<0;
0. otherwise.
and
p+2 for—2<p<-1;
(Qousm)®) = { —p. for—1<p<0;
0. otherwise.
Thus,

(Xparse Myam) € (©)F(Y) but (By - Qpam) € (€)3(Y).Hence (¢)3(Y) is not symmetric. In same sense,
it could be indicated that other spaces of triple sequences are not symmetric too.

Proposition 3.2: The classes of triple sequences (I,)3(Y). (co)3(Y) and (my)3(Y) are solid.

Proof : Consider (I,,)3 (Y) the class of triple sequences.

So (Xpaum Mpum) € ()3 (V) and (Byas Qyarse) be such that.

A(Byun-0) < d(Xyyp-0)

and
A(Qyan.0) < (Mg 1.0)
and consequently

a4 ((Byun-0)- @pun-0)) < 4 ((Xgusn-0)- (My2.0))

asY = (Y;.Y;) is increasing , we have

d ((%b.u.m- 0). (Qum- 6))
p

suppun {1

d((%pun.0). My us.0))
P

< suppumy Yz

Hence, the classes of triple sequences (I,,)3(Y) is solid. In same way, we could recognize other spaces
are solid too by following same sense .m

Proposition 3.3: The classes of triple sequences(c)3(Y). (m)3(Y) are not monotone and hence not
solid.

Corollary 3.1 Z(Y;) NZ(Y,) € Z(Y; + Yy).for Z = (Io,)3(Y). (©)3(Y)

Corollary 3.2: LetY and Y;be two Orlicz function then Z(Y;)SZ(YeoY;). for Z =
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(L)F- (€)F- (co)}- (M)} and (mg)3-
Proof: The result will be proven for the case Z = (cy)3. The other cases can be prove by using the same
technique. Take € > 0. there exists n > 0. such that € = Y(n). Let (xb.u.m- m?b.u.sn) € Z(Y;). then, there

exist k.l € N. such that

d ((%yu9-0). (Myu2.0))
p

Y, < n.for some p > 0.

4 (% us.0). Wy 0))
o)

Let (%b.u.m- Qb.u.m) =Y; .for some p > 0.

Since YV is continuous and non-decreasing, we get

d ((%b.u.m- 0). (g‘mb-u-m' 6))
p

Y (Byum Qpuw) = Y| V1 <Y(n)=e
for some p > 0.
Which implies that, (X 0. Mpam) € Z(Y o Y;). m
Proposition 3.4 The class of triple sequences (Io,)3(Y). (¢)3(Y). (co)3(Y). (m)3(Y) are not convergent
free.

Proof: The following Example will lead to such result.
Example 3.2:

Consider the classes of triple sequences (c)3(Y). Suppose Y(X.9) = (¥X.M) and consider the triple
sequence (Xpy g My ) defined by (¥;y. Myy) = (0.0) and for other values,

(X My ) ()=

(1.1). for0<p<1;
(=hp(Hh+ D1+ 2+ DOH+ 1D L. =bhp+ 2+ D(Hh+ 1)~ D). forl<p<2+p%
(0.0). otherwise.
where
(Xpam) ()=
1. for0<p<1;
{—bp(b +D T+ @p+ DB+ fort<p<2+p 1
0. otherwise.
and
(Xpum) ()=
1. for0<p<1;
{—bp(b + 1)+ @p+1)(BH+1)L fort<p<2+pt
0. otherwise.
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Let the triple sequence (EBI).II.ER- Db.u.in)- be defined by (B,y.. Qi) = (0.0). and for other values,
(%b.u.m- Qb.u.m) can be defined as

(Byam Q) ()=

(1.1). for0<p<1;
(-DO-D"O-PO-p"). fori<p<p
(0.0). otherwise.
where
1. for0 <p<1;
(%b-uﬂ?)(p) =10-pO-p~" for1<p<W;
0. otherwise.
and
1. for0 <p<1;
(Quus)®) =1 ®—p)O—p)L for 1 < p < b;
0. otherwise.

Then (Xyuq) € (€)F(Y). and (My o) € (F(Y).
= (Xpun Tyaum) € (3 (V) but (Byun) € (©)7(Y).and (Quyg) € (€)3(Y).
= (Byun Qouzw) € (©F().
Therefore, (¢)3(Y) isn't convergent free. Likewise, the other spaces are also not convergent free.
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