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Abstract 

The article proposes an algorithm based on the least squares method for solving problems of simplifying and generalizing 

many lines. The proposed approach, unlike classical polyline simplification algorithms, does not require the location of 

the generated nodes at the points of the initial polyline, which increases the generality of the algorithm and improves the 

accuracy of geometric approximation. It was shown that the algorithm can be used for flexible simplification of contours 

at different accuracy levels, reduction of noise effects, and optimization of the number of nodes. The research results 

confirm that the method can be effectively applied in the fields of cartography, computer graphics, and image vectorization. 
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1. Introduction 

The problem of simplification and generalization of 

many lines in the field of digital image processing, 

computer graphics, and cartography is one of the 

important scientific problems. Representing complex 

contours in a compact form, reducing the number of 

nodes, and preserving the basic properties of the 

geometric shape are necessary in many practical tasks. 

The need for effective generalization algorithms is 

especially high when working with vector graphics, 

maps, and technical drawings. 

Currently, various algorithms have been developed to 

simplify polylines, among the most popular being the 

Ramer-Douglas-Peucker algorithm and segmentation-

based approaches. However, these algorithms usually 

require that the generated nodes correspond to the 

original data points, which does not always provide a 

geometrically optimal solution[1][2],[3][4][5]. 

The least squares method is one of the widely used 

optimization methods in the fields of mathematical 

statistics and signal processing, allowing the 

determination of a function or line closest to a given set 

of points. Applying this approach to the problem of 

polyline generalization makes it possible to increase 

geometric accuracy and obtain a smooth result. The 

article develops a generalization algorithm based on the 
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least squares method, analyzes its advantages and 

possibilities of application [5]. 

The problem of simplifying geometric objects plays an 

important role in increasing the efficiency of storing and 

transmitting large volumes of graphical data. By 

optimally reducing complex contours, it is possible to 

reduce the volume of information, save computational 

resources, and increase the speed of visualization. 

Therefore, the improvement of generalization algorithms 

is one of the urgent scientific directions [6]. 

Traditional algorithms are often limited to selecting 

nodes from the original points, which in some cases leads 

to the appearance of redundant nodes or an inoptimal 

approximation of the contour shape. As a result, it 

becomes difficult to ensure a balance between geometric 

accuracy and the degree of simplification [7]. 

The approach based on the least squares method allows 

us to consider the process of generalization from the 

point of view of optimization. With the help of this 

method, it is possible to obtain a smoother and 

mathematically justified result by minimizing the global 

errors of the contour points. Therefore, the development 

and research of a generalization algorithm based on the 

least squares method is relevant from a scientific and 

practical point of view. Let there exist a multitude of lines 

represented by a sequence of points located in a given 

plane. It is required to construct a simplified polyline that 

represents this multitude of lines with a smaller number 

of nodes, but retains its basic geometric shape [8]. 

2. Method 

The main goal of the problem is to determine the 

segments of a simplified polyline in such a way that they 

provide optimal convergence according to the criterion 

of least squares with respect to the set of initial points. In 

this case, the resulting nodes are not necessarily located 

at the points of the original polyline. Also, the algorithm 

must satisfy the following requirements: minimization of 

geometric error; reduction of the number of nodes; 

preservation of the main properties of the form; ensuring 

computational efficiency. 

{𝑥1⃗⃗⃗⃗ ,   𝑥2⃗⃗⃗⃗ , … , 𝑥𝑛⃗⃗⃗⃗   }𝐽(𝑥 , 𝑎 ) = ∑|𝑎 × (𝑥 −

𝑥1⃗⃗⃗⃗ )|
2 𝐽𝑥 𝑎 𝑎 = (𝑥𝑎 − 𝑦𝑎)Let's look for a convergent 

line for a set of points on a plane using the least squares 

method. This algorithm is used as an auxiliary procedure 

for image generalization. Let a set of points be given on 

the plane. Some line l is also given. As is known about 

this line, the point x β lies on it and is parallel to the unit 

length vector a β. The sum of the square distances from 

the points to the line can be written as, where "×" is the 

product of the vector. The search for a convergent line 

using the least squares method consists of minimizing 

with respect to and. In addition, we will consider the form 

by components. Expression (1) can be written explicitly 

[9]. 

𝐽(𝑥 , 𝑎 ) = ∑|𝑎 × (𝑥 − 𝑥1⃗⃗  ⃗)|2 = ∑ (𝑥𝑎(𝑦 − 𝑦𝑖) − 𝑦𝑎(𝑥 − 𝑥𝑖))
2𝑛

𝑖=1 = ∑ (𝑥𝑎
2(𝑦 − 𝑦𝑖)

2 − 2𝑥𝑎𝑦𝑎(𝑥 − 𝑥𝑖)(𝑦 −𝑛
𝑖=1

𝑦𝑖) + 𝑦𝑎
2(𝑥 − 𝑥𝑖)

2)                                                                                                                   (2) 

At the minimum point, the gradient of the function must be equal to zero (a necessary condition for the extremum). 

Therefore, we can write: 

𝜕𝐽

𝜕𝑥
= 2𝑛𝑦𝑎

2𝑥 − 2𝑦𝑎
2 ∑ 𝑥𝑖

𝑛
𝑖=1 − 2𝑛𝑥𝑎𝑦𝑎𝑦 + 2𝑥𝑎𝑦𝑎 ∑ 𝑦𝑖

𝑛
𝑖=1 = 0.   (3) 

Let's add an additional symbol: 

𝑥∗ =
1

𝑛
∑ 𝑥𝑖

𝑛
𝑖=1   

𝑦∗ =
1

𝑛
∑ 𝑦𝑖

𝑛
𝑖=1 (4) 

Replacing these symbols with (3), making simple transformations, we obtain 

(𝑥 − 𝑥∗)𝑦𝑎 − (𝑦 − 𝑦∗)𝑥𝑎 = 0, (5) 

𝑥∗ 𝑦∗𝑎 𝑥𝑎𝑎 − 𝑎 from which it follows that the point lies on the convergent line (,). Since we know the point lying exactly 

on the convergent line, it remains only to find the optimal value. Since it is known that the length of this vector is one, it is 

sufficient to find only. It should be noted that at least one of the two vectors and has a non-negative y-component [10]. 

Replacing the obtained results with (2), we write the final formula of the problem: 

𝐽(𝑥𝑎) = ∑ (𝑥𝑎
2(𝑦∗ − 𝑦𝑖)

2 − 2𝑥𝑎√1 − 𝑥𝑎
2(𝑥∗ − 𝑥𝑖)(𝑦

∗ − 𝑦𝑖) + (1 − 𝑥𝑎
2)(𝑥∗ − 𝑥𝑖)

2)𝑛
𝑖=1 → 𝑚𝑖𝑛. (6) 
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Let's make the transformations: 

𝑏 = ∑ (𝑦∗ − 𝑦𝑖)
2𝑛

𝑖=1 − ∑ (𝑥∗ − 𝑥𝑖)
2𝑛

𝑖=1 , 

𝑐 = 2∑ (𝑥∗ − 𝑥𝑖)(𝑦
∗ − 𝑦𝑖)

𝑛
𝑖=1 , 

𝑑 = ∑ (𝑥∗ − 𝑥𝑖)
2𝑛

𝑖=1 .        (7) 

Using these transformations, we write the required minimum condition: 

𝐽𝑥𝑎
′ = 2𝑏𝑥𝑎 + 𝑐

1−2𝑥𝑎
2

√1−2𝑥𝑎
2
= 0.       (8) 

𝑥𝑎𝐽𝑥𝑎 = −1,0,1This equation is easily reduced to a biquadratic equation, which can be solved by certain methods. After 

solving it, you need to select the minimum value of when each root is equal to (8). 

The complexity of solving this problem is equal to the complexity of calculating x^*, y^*, b,c and d, i.e., O (n). An example 

of a predictive line is shown in Figure 1. 

Figure 1. Approaching a straight line. 

Algorithm for polyline generalization using the least squares method. 

A generalization algorithm based on solving the problem from the previous section is described below. This algorithm is 

similar to the one described in [4], which also belongs to the "Greedy" and heuristic class. To generalize the polyline, you 

need to perform the following actions. 

1. 𝑃1, 𝑃2, … , 𝑃𝑛𝑖polyline is given to the input. The current peak is indicated by 1. 

2. When i≠n, perform the following subparagraphs. 

2.1. 𝑗{𝑃𝑖 , 𝑃𝑖+1, … , 𝑃𝑗}𝜀𝑖 = 1𝑃1𝑗 = 𝑛𝑃𝑛𝑖 = 1𝑗 = 𝑛The maximum, is found in such a way that the approximate 

line taken by the LSM for the set of points, is separated from each of these points by a distance not greater than (control 

parameter). If, then it is required to pass through the line, similarly, if, then it is required to pass through the line. Therefore, 

if and, then there exists only one possible line and optimization is not performed. 

2.2. 𝑖𝑗The found string is "remembered," the variable is assigned a value. 

3. Construction of the obtained broken line. In the cycle, all pairs of consecutively converging lines are 

checked. 

3.1. 𝑙1{𝑃𝑖 , 𝑃𝑖+1, … , 𝑃𝑗}𝑙2{𝑃𝑗 , 𝑃𝑗+1, … , 𝑃𝑘}Let the first row be close to the set of points, and the next row to the 

set. It will be known whether there is a point of intersection of these two lines. 
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3.2. 𝑃𝑗𝜀𝑃𝑗𝑙1𝑃𝑗𝑙2If a point of intersection exists and it is separated from and not exceeding, then it is added to 

the resulting polyline; otherwise, two points are added: from perpendicular to and from perpendicular to. 

4. 𝑃1𝑃𝑛The starting point and the endpoint are added to the resulting polyline. End of the algorithm. 

𝑗𝑂(𝑁2 )𝑂(𝑁𝑙𝑜𝑔𝑁)The complexity properties of this algorithm are similar to those of the algorithm [4]. If we 

search for the global maximum in step (2.1), then the complexity will be. If we sacrifice our perseverance and use binary 

search, we get hard work and a slightly worse result. 

The difference between this algorithm and those described in section (2.3) is that the nodes of the resulting polyline do not 

necessarily lie on the original polyline. In this sense, the described algorithm is more general. The results of this algorithm 

are shown in Figure 2. 

 

Figure 2. Generalized refracted lines for different values of ε. 

The figure shows the results of the generalization 

algorithm based on the least squares method for various 

accuracy parameters (ε = 10, ε = 7, ε = 5). From the 

results, it can be seen that as the value of ε increases, the 

polyline becomes simpler, i.e., the number of nodes 

decreases, and the contour is represented by larger 

segments while maintaining the general shape. In the 

case of ε = 10, maximum simplification is observed, in 

which some local curvatures may disappear, but the 

global geometry of the object is preserved. At the value 

of ε = 7, a balance between accuracy and simplification 

is ensured, and the main features of the shape are 

sufficiently expressed. In the case of ε = 5, the result 

closest to the original contour is obtained, but the number 

of nodes is greater. 

An important advantage of this algorithm is that the 

resulting polyline nodes do not necessarily lie at the 

points of the original polyline. This provides a more 

general approach compared to classical simplification 

algorithms and allows for the mathematically optimal 

approximation of the contour shape. As a result, the 

impact of noise is reduced, the curves appear smoother, 

and geometric accuracy is improved. 

Thus, the results of the drawing confirm that the 

generalization algorithm based on the least squares 

method allows for flexible simplification of the contours, 

control of the number of nodes, and preservation of the 

basic geometry of the shape. This shows that the 
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algorithm can be effectively applied in cartography, 

computer graphics, and vectorization. 

The article proposes an algorithm based on the least 

squares method for generalizing multiple lines. The 

proposed approach, unlike classical simplification 

algorithms, does not require the placement of generated 

nodes at starting points, which increases the generality of 

the algorithm and improves geometric accuracy. It was 

shown that the algorithm can be used to simplify the 

contours to varying degrees, reduce the impact of noise, 

and optimize the number of nodes. 

The research results confirmed the flexibility and 

effectiveness of the method and showed its applicability 

in such areas as computer graphics, cartography, image 

vectorization, and object contour modeling. In the future, 

it is advisable to develop the algorithm in the direction of 

selecting adaptive parameters and generalization for 

three-dimensional objects. 
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