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ABSTRACT

Construction Of Three-Variable High-Order Defferential
Equation Polynomial Solutions By Combinatorics Method
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In this paper, we study how basic systems of polynomial solutions of a differential equation of high
order with mixed derivatives of a function of three variables are constructed using combinatorial

methods
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INTRODUCTION

In the article polynomial solutions of this equation the basis system is built in a combinatorial way

0?2 Q)

2
0 + +
[éxﬁxz OX,0X;  OX,0%,
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J U(x,X%,,%;) =0

Polynomial solutions of this equation can be written in these two ways [1-2, 4-6]
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Inhere p=01...,.N-1, n>2p.
(2) and (3) in expressions if &, = @, =0 when polynomials fall from the top
n,p _ n,p
Ho,a2 (X1’ X2,X3) = Hal,O (Xl’ X2'X3)

a,! b,! c,! . L.
For convenience X;" - X," - X3 we write factorial instead of a had.

We enter the concept of "indicator matrix" in this view

00n
01ln-1 10n-1
02n-2 11n-2 20n-2

(4)
OnoO 1n-10 n-110 noo

Similarly this

Al = (—1)(i ;pj@ s

We make a "matrix of coefficients" made of coefficients
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AO,n—Zp ,n-2p-1 ' . ' An—2 p-1,1 A1—2p,0
The dimensions of these two matrices are the same.

These two matrices are superimposed, and we write the elements of the indicator matrix in degrees,

and the elements of the coefficient Matrix as coefficients. The resulting polynomial (1) will be the

solution of the equation [3].
We draw up all the combinations.
As an example o; =, =0; n=4; p=0,1. let's look at the case.

“Indicator matrisa" will be in this view

004
013 103
022 112 202
031 121 211 301
040 130 220 310 400

“And quot; coefficients matrisa " takes this view

The first of these polynomials will be in this form
4,0 A 3! 31, y20,2) 20 202! 3!
Ho,o (X11 X2 X3) =X XKy KK XK 2X1X2X3 XK XK
—3X, XXy —3XPK, Xy — XXy + Xy HAX XS +BXPXE +AXIX, + X

The total number of these polynomials is 9 units, which (1) form the basis system of equation

polynomial solutions.
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4,0 _UA! 31 3,1 21,21 2, 21,2,
1) Ho,o(x1vX2’X3)—X3 =X X X X+ XX +2X1X2X3 + X X5

—3X, X5 Xy —3X2 K, Xy — XX + X5+ AX XS+ BXAX + 4K, + X

4,0 _ 3! 21,2} 2) 31 2) 2) 4
2) HO,l (Xl,XZ,X3) =X KT =Xy KT = X KoK+ XKy +2X1X2 X3 + XX X5 — Xy

2,',2,!

4,0 2,0,2,! 3, 2,1 4, 3, !
3) Ho,z(X1’X2’X3):X2 X=X K =X X X X Jr2)(1)(2 + XX
4,0 3! 4, 3!
4) Ho,s (X1’X2’X3)—X2 X3 =X =X X5
4,0 4,
5) Hy, (X, X0 X5) = %55

40 _ 3) 21 21,21 2] 2, 3) 3)
6) H1,o (X1,X2,X3)—X1X3 =X XXyt XK X XX +2X1 XX XX =X X,

2,2, 21,2

7) H;,'c? Xy X5, X3) =XX X12’!X2X3 - )(13’!X3 XX+ 2)(13'!)(2 + X14'!

8) H;,'(?(Xv Xy Xs) = X13'!X3 - X13'!X2 - X14’! ’

9) Hip (% X, %) =X

— )(g‘!)(3 —

212!

=306+ 3 -5

’

21,21 _ 3 4)
=3X%y" = 3K Xy =X

’

These 9 polynomials are formed from placing the ends of the" indicator matrix "on the"matrix of

coefficients".

Now, this means that some of the polynomial solutions to the equation (1,

2 2 2
0 + 0 + 0 U (X, X,,X%;) =0
OX,0X, OX,0%;  OX0X,

check when there are blind.
So, the first Hop (X, Xy, Xg) = X5 = XpX5" = X, X" + X5 X5" + 2% X, Xa +

21,2,

— X3y ——3X XXy — XXy Xy — XXy + X+ A% X5+ BXIXS + 4xX,

U (X, X,, X;) if we replace ni, then

0 0’ o°
+ +
(6x16x2 OX,0X;  OX,0%,

)

2,12

XXt —

+ X in the solution (2)

ng;g(xl, Xy, Xg) = 2X5" — 3%, Xy — X, Xy + AX2" + 6X, X, + 44X — X2 +

XXy + 2% X — X2 = BX X, — 3X = XB' 42X, X, + X, Xg —3X2 = 3x, X, — X2 =0
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we will have equality. It seems that the first solution (2) satisfied the equation.

If the second Hyy (X, Xy, Xg) = X Xs' = Xo'X5" = X, XoXg' + X5 Xy +2X X5 Xy + X4 Xy Xy =Xy —

— 3%, X"+ 3x2'%x2" — x>'X, in the solution (2) U (X, X,, X;) if we replace ni, this

0° o° 0’
+ +
( OX,0X, OX,0Xy  OX,0Xq

— X, X+ X2+ 2X X, + X = XXy + 22X+ X X, =0

4,0 _ 2,1 2,1 2,! 2,1
jHo’l (Xy Xoy Xg) = =X5" 4 2X, X5 + X Xg —3Xy" —3X, X, — X, + X5" — Xo Xy —

we will have equality. In this, too, (2) equality became zero. Or third
Hci'g (%) %5, X3) = Xzz’!xp?'! - XS'!Xg —X ng'!xg + Xg'! +2X X;’! + X12’!X§'! in the solution (2)

U (X, X,, X;) if we replace ni, this

0 0 o
+ +
[ OX,0X,  OX,0Xy  OX,0%q

JHS,&O(Xi, Xy, %) = =Xy Xy + 2X2" 4+ X, Xy + XoXg — X2 =X, X, — X2 =0 we
will have equality. So this solution, like the above, (2) satisfied the equation.

We can continue this process in all solutions. Then we can see that all solutions (2) satisfy the

equation.

In short, the construction of a three-dimensional mixed-product high-order differential equation
polynomial solutions of the base system in a combinatorical way makes sense to find solutions to

such seemingly differential equations.
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