The American Journal of Applied sciences IMPACT FACTOR

(ISSN-2689-0992) 2021:5. 634
Published: July 30, 2021 | Pages: 18-21
Doi: https://doi.org/10.37547/tajas/Volumeo3issue07-04 OCLC-1121105553

Applications Of Matrix Function And Group Action
2021

Impact Factor

5.634 Samatboyeva Maftuna Tulqginjon Qizi

e AMERICAN Student, National University Of Uzbekistan Named After Mirzo Ulug‘bek, Uzbekistan
JOURNAL OF

APPLIED SCIENCES

Journal Website:
https://theamericanjou
rnals.com/index.php/ta
jas

Copyright: Original
content from this work
may be used under the
terms of the creative
commons  attributes
4.0 licence.

ABSTRACT

The article presents some applications of the matrix function and group action to reveal some
properties of matrixes and p-groups.
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INTRODUCTION

Let Ae M (R) be a fixed nonzero matrix. Let’s define the function f,:M_ (R) —> M (R) s.t
f,(X)=AX -XA VX eM (R)

Now we will examine the some properties of this function:

1-property: f, =0< A=A1l_,forsome 1eR

Proof: (&)Al, X = XAl =AX forevery X € M (R)

(=)AX = XA VX eM_ (R) (*), so it is true for X = A" = AA" = ATA= A—normal matrix.
A ... 0

Therefore there exist P-invertible and C-diagonal matrixs.t A= PCP™,C =
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By setting this into (*), we get PCP*X = XPCP ™. Now take X =P, so PCP'P™* =P 'PCP™*

A4 ... 0
PCP'=C=PC=CP = A=PCP'=CPP*=C=| ! "-. ‘! |. So, we have found A-
0 A,
A ... O
diagonal matrix. We have the condition AX = XA, VX e M (R) for A= ' :
0 - A,
Xjp e X Ao 0 (X, ... X, Xy o AX,
Let X=| : . = |=>AX=|: " Do = K :
Xy 0 X, o --. /’Ln Xy o X ﬂ“nxnl j’nxnn
X oo X (A4 ... O AXy o AX .
XA=| : . o = s T [ =2 A =A%, 1=1n. We take such X s.t

an Xnn O ﬂ’n /11)(”1 ﬂ’nxnn
X; #i=ln=> 4 =4, =..=1,= A=Al
2-property: f o f,=1f,0of, & AB=BA
Proof: (f,o f)(X) = f,(BX —XB)=A(BX — XB)—(BX — XB)A= ABX — AXB-BXA+ XBA

(f,0 £)(X) = fy(AX — XA) = B(AX — XA) — (AX — XA)B = BAX — BXA— AXB + XAB

According to these

f,of, =f,o0f, < ABX — AXB—BXA+ XBA=BAX —BXA— AXB + XAB,VX €M (R)

< (AB-BA)X =X(AB-BA),YX eM, (R) © f 5 50 =0< AB-BA=0 or AB-BA=1l,
but second case never happens . Because 0=tr(AB—-BA)=tr(il ))=An=0. Thus AB=BA.
foofg="f,0of, & AB=BA

3-property: If A is a matrix with n distinct eigenvalues, then the dimension of ker(f,) is equal to n.

A ... 0
Proof: A has n distinct eigenvalues, then the Jordan normal formof Ais | : -, : |= A=PCP™
0 - A
%/—/

, ker(f,)={X: f,(X)=0< AX = XA}

AX = XA < PCP X = XPCP* < P(PCPX)P = P}(XPCP )P < C(P*XP) = (P""XP)C
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< PXP eker(f.). Therefore ker(f,) 0 ker(f.),inthat X — P™XP,P™YP «~Y .Theyare linear

and their compositions are equal to identity. So, it is enough to find dim(ker(f.)).

A ... O Xy .o X
C=|: . : |=ker(f.))={X:CX=XC}HX=| : :
0 - A X, X
AXy o AX, AXy e AX,
CX=| : . + |=XC=| : " Do A% =A%
ﬂ’n an o ﬂ“n Xnn ﬂlxnl o ﬂ“n Xnn

S (4 =2))% =0 Xy, Xopsee Xy =V, %5 = 0,1 2

X, ... 0 1.0 0 .. 0
ker(f)={X:X=| i "o i |=xg|i " iledx, i oo

=spanf| : . i|,..|: . i [F= dim(ker(f.))=n=dim(ker(f,))
0 --- 0 0 --- 1

Problem-1: Let G be a p-group, i.e |G| is a degree of p, where p is a prime number. -:Gx X — X bea
left-actionon X and F — X beasubsets.t F:={xe X :g-x=g,Vg € G}, then |X|—|F| is divisible
by p, where |Y | denotes the number of elements of Y .

def

Proof using the theorem: We build equivalent relations.t all b<a = gb,3b € G. This relation divides

k
X to orbits, i.e X = U[ak]'

i=1

Lemma: Vae X,G, ={g € G| ga =a}is a subgroup of G and |G ZGa| = |[a]| .
For X, € F,[X,]={X.}, because [X,]={0%, = X, | 9 € G} ={x}

=X = oUIXD) = X F=JIXI= X IF|=]X|-|F|=>_Ix]

xeF xeF xeF xgF

[x]

xeF

G=G,=VgeG,gx=x=xeF,butwearelookingat x¢ F = |X|—|F|:p

:|G :GX| :|G|:|GX| = p*:p* = p“*, a#kbecause, if a=k then
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Problem-2: Let G be a p-group, i.e |G| is a degree of p, where p is a prime number. If H is a nontrivial

normal subgroup of G, then prove that H N Z(G) #{e}, where Z(G) ={y e G:VxeG,xy = yx}
center and € is identity element of G.

Proof: We construct left-action on H as -:GxH — H,g-h— g™hg . Then we set relation on H
def

st allbeoa=gb=g'by,3beG <> ga=bg,IbeG. This relation divides H into orbits, i.e

k k
H = Jla]=>|G:G,|.Suppose H N Z(G) ={e}=> Vh =e,3g, : g;h = hg,
i=1

i=1

If we denote G, ={g : gh=hg}, thenfor h=e wehave G, #G and G, =G.

=|G:G,|=[G|:|G,|=p":p*=p"*,n-k=>1 and
k k

IG:G,|=|G:G|=1=|H|=)|G:G,|=D p"* +1=1(mod p). But His a subgroup of G and
i=1

=]
because of this p"=|G|:|H|=|H|=p"=1(mod p)=>m=0 this means Hmust be trivial

subgroup. So, our assumption is not correct. => H NZ(G) ={e}.
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