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ABSTRACT

It is obtained a Zigmund type estimate for the bisingular integral in the space of Summation
functions. It is constructed an invariant functional space based on the inequality. Using the method
of successive approximations it is proven the solvability of the nonlinear bisingular integral equation
in invariant space.

KEYWORDS

Bisingular integral operator, Zigmund type estimate, invariant space, summable function.

INTRODUCTION

The classical boundedness theorem of singular of this issue is available in the work [9], also in
operator with the Hilbert kernel in space L_(p the works of A.P. Calderon [11],[12], and [13].
) (p>1), it was proved by N.H. Luzin in [6] and

M.Riesz in [16] for the cases p=2 and p>1, To study the special integral

respectively. b

_ u(s)
Subsequently, this result was carried over in a u(x) = S —x ds, x € (a,b)
number of papers for fairly wide classes of a

Jordan rectiable curves. A detailed prehistory
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(-oo<a<b<+w) with the summable density degree p in any compact segment of the
in the work [4], [10] for a function interval (a,b). The characteristics were
ueL_p~oc (a,b) , where L _p”loc (a,b) - is introduced
the set of functions, summable with the
b-n
1
Oy &m = [ @Pd?r &n>0,64n<b-a=1
a+é&
b—-n—-h
1
wy(w,6,&,n) = Os<1’f;<98( lu(x + h) —u()|Pdx)p ,E+n+h<[5§>0
T a+é
and in the case 1<p<+ow it is proved of an operator U in the space L_p (a,b) the
estimates, (Q p (U),w p (d)), by (Q p results are obtained in [1], [2].
(u), Lol _p W) One of the first papers, dedicated to the
In the limiting case for p=co and u€C_[a,b] repeated special integral with the Hilbert
these results were obtained in [3], [7], it kernel

was shown that estimates [2] in a certain
sense are unimprovable. In [5] using M.
Riesz's theorem about the bounded action

mw 1
1 t T
(B3 = gl 0) =z | | FOc+ v+ Dctg s etg s dede

-T -1

was a work of L. Cesari[14]. He proved that if f € H(Zaf,é“;)' then
€ H?
9 & (8¢ 1in811,6%1in6,1)

Following L. Cesari, I.E. Zak [5] in his work respect to the operator B. In the paper, it
also showed that the class of functions was proved that the classes of functions

H ((6_17a,d 2”a ))*2 is not invariant with

HP = {f € Cluppe: @y (61,82) = 0 (8787 ), w}(81) = 0(87), w} (52)
=0(6)).0<ap<1}.
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are invariant with respect to the operator

B.
Consider a bisingular integral of the form

by by

u(sy, s
U(xy, xp) = f J(s (51, 52) dsids,,
1

— x1)(S2 — x2)

a; ap

where the function u € L¥°(A), A= (ay,by) X (ay,by) andp > 1.

Fortheu € Lg’C(A) we introduce the characteristic

S

bi—-n1 by—73

Qp(u, S éam2) = j j [u(xy, x2) [P dxydx,

a;+é1 ax+é;

ap (uJ 511 Ell 771, 52' T’Z)
1
bi—n1—hy by—7; p

= sup J _[ [uCey + hy, x5) — u(xg, x2)|P dxqdx;
a;+é1  ax+é;

51) (u, 511 r]ll 621 52' T’Z)
1
bi—1n1 by—1ny—h; p

= Sup f f [u(xy, %3 + hy) — ulxy, x2)[P dxydx,

a;+§1  azté,
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Wp (W, 81, 1,11, 62,€2,12)

bi—n1—hqy b2=N2-n,

= sup J j |Au(x; + hy, xq, X5

a;+&; az+$;

1
p
+ hy, x,)|P dx;dx,

where 0< Sir Ei, Ni, €i+ni < li = bi —-a;, Ei = {hi: 0< hi < min{6i, li —
Si—nit, =12

Au(xy + hy, x4, X5 + hy, x3)
=u(x; +hy, x5 + hy) —ulxy + hy,x,) —ulxy, x, + hy)

+ u(xq, x5).
Using |8], | 15], it was proven

Teopemat. Let1l <p < 4+00,§,1;,6; > 0,& +1n; < 1;,0 <§; < min {§;,n;}. Then from

convergence of correspondence integrals it holds the following inequality

Wy (@, 81,€1,M1,62,€2,12) <

< Gyl

2 2
6162 1 f f Qp (u' tll71t27
(61 +$1)(62 +¢&2) )

5.6, 1
TG ) j
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N 610, 1
(61 +11)(62 +&2) (77152)%

N 610, 1
(61 +11)(6 +12)
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$1 M
+ a)p (u, 51,?,?

where the constant c_p is dependent on
p-

Moreover, it is obtained estimates Q _p (U
) ,w p(d) ,o _p(d) .WedenotebyG
the set of positive functions (g 1,1 1
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) 62;

8 1)
2’2

(&) 2n_2)0 (E 1 [,6_2,E8) 22
W6 1,€ 4, 1 [,6 28] 2,0 2)

defined for 6_i,§ (i )
n_i>0,&_(i,)+n_i=l_i=b_i-a_i i=1,2, and such
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that the functions @, b ¥ almost increasing in 6_1,6 2 (uniformly by other

decreasing in &_1,€_2 (uniformly by other variables), the functions
variables) , the functions y ,\ ,{ almost

1/;(51151;77115(2;772) 1/7(51;771,52,52,772) Y(61,¢1,M1,62,€2,m2) Y(81,¢1,M1,62,82,12)
01 ' P ' 01 ' P '

almost decreasing in &, 8, (uniformly by other variables), last but not less
(81,81, 52'772);1!:1(51'771; 62,82,M2),¥(61,¢1,M1,62,82,1m2) = 0
for 6;,6, — 0.

Let @, 1,1, € G. Denote by H® the set of functions from L€ (A) such that

RVRVRY)
there exists constant ¢; > 0 (i = 1,4) and

‘Qp(u' $1,M1,62,M2) < c19(E1, 1M1, €2,M2),
5p(u: 61, ¢0uM,61M2) < Czll_’(51'€1»771'€2»772)»
5p(u; $1:M1,02,82,12) < C311=’(€1'771» 62,€2,M2),
(Up(u» 61,61, M1, 62, €2,M2) < ¢4 P (81, €1,M1, 62,82, 112).
The set H? by norm ”u”H;@ﬂThlP = max {c;, ¢y, C3, C4 } IS @ Banach space.

DY

By G, we denote the set of function ¢, v, $ Y € G, such that the following

integrals are convergent

Ll Ll L
2 2 2 2
o (03 03) o(t3.3t)
[ e, [ [PFE g,
0 0 (tltz)l’ 00 (t t,)P
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33 l l 3% l l
2 2 2 2
(p(%ltlltZJ 22) (p(il,tl,jz,tz)
f f 1 dtldtzl f f 1 dtldtz,
00 (tyt)P 00 (tyt,)P
Foo U & Fo g
2 — 2 =
Y(ty, 21»52'72»7722) 111(51.71,772—1.1'2 72)
_/- 1 dtl ’ J 1 dtZ;
0 tlp 0 tzp
7] ¢ Fo gl
2 - 2 =
PG 0,8, % PO B 2 t)
0 tlp 0 tzp

Now, we determine by Hp the set of positive functions

0 (&1, 6), (&L, 85, &) P81, &1, &) , (81, &, 85, &,,) satisfying the following

conditions:

[N
N

$1 8 L

ff(tﬂz)q@(tp t2) dt,dt, = 0((5152)%(p(€1,€2)),

5,5,
(61 +80(5, + &)
31
[ ETP(t, 82, 62)
t

0(&1,&2) = 0(1,0(51;51: 52:52:));

1
dt = 0( &9 (&1,82,62)),

0

61 + 61 lp(fl! 621 EZ) — O(lp(61, 61762' 627))
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(9

2 1_

f tay( 51»51»
0

2 =
52 + 5;2 lp(ab 'Slﬂ '5;2)
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1_
dt = 0( &99P(61,¢1,62)),

= 0(1/}(51, 51; 52' 52' ))’

v (62, 52,52) = 0(¥ (81,61, 62.62))),

% (0,2

b (60522

&) =0(505.6.8)),

2) = 0(PG082.62),

where the constants in expression "0" do not depend on §;,&; (i = 1,2).

In a view of definition we say that ((p, Y, 1,l=), 1/)) € GoHp, if (9,1, 1,l=), Y) € G,

and

8.2,6,2),% (6,6,2,6.2) 9

L
2

6 61! y 12,

(
(5 »%»771»52»%2)’17’
¥ (

=

v
NS
~—

2; 1;

Teopema 2. If (@, ,,V)EG_0 H_P. Then
operator U maps the space H (@, U
)"Pitself and is bounded .
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(53
G

2,8,6,2) 9 (61802, 82,62, 2))

ly
2

| 52:52:%)»1,0 (51»%771»52»52»%))»

)11/j (Stpl;l' 52'772rl;2) P (51: 51:%: 52:772'%2)1

'Uz)li(%'ﬂpl;z'nz)rlp(ap /iy 'nz))EH

We note that the proof of this last
Theorem 2 comes from the proof of
Theorem 1 and by definition of the sets of
G OH_P.
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of the nonlinear bisingular integral

equation
Using the method of successive .

approximations it is proven the solvability

by b,

u(xy, xy) = Af f {(sl,sz,u(sl,sz)) ds,ds,
0 0

S1 = x1)(Sz — X3)

- P _
NH s

(—o0, +00) and A- is a real parameter.

where the function f (s;, s,, u) is defined on (a4, b;) X (a,, b,) X
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